Advanced Studies in Contemporary Mathematics www.jangjeon.or.kr
34 (2024), No. 2, pp. 87 - 101 http://dx.doi.org/10.17777/ascm2024.34.2.87
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ABSTRACT. Metal-organic frameworks (MOF’s) are organic-inorganic
hybrid materials with crystalline pores that are made up of a pre-
dictable arrangement of positively charged metal ions encircled by or-
ganic ”linker” molecules. Although the structure of MOF can be con-
sidered as a chemical graph, there have been very few works on deal-
ing with topological indices on MOF’s. In this article, we investigate
the degree-based structural indices of pthalocyanine-based metal organic
frameworks.

2020 MATHEMATICS SUBJECT CLASSIFICATION. 05C92

KEYWORDS AND PHRASES. M-Polynomial, Topological indices, Pthalo-
cyanine based MOF.

1. INTRODUCTION

Topological Indices are molecular descriptors emanated from its structure
of chemical compound. In chemistry, topology helps as a tool to analyse
and study the molecular structures. One of the prominent explored TI’s in
chemical graph theory is degree based TT’s, which are used to study differ-
ent physio chemical properties and biological activities of several chemical
compounds/drugs.

Metal-organic frameworks (MOZF’s) are emerging class of two or three di-
mensional (2D or 3D) materials manufactured by assembling inorganic and
organic connectors via coordination bonds. MOF’s are potential candidates
for gas storage, separation, detection and sensing, catalysis and drug de-
livery applications owing to their flexibility, porosity, high surface area and
functionality surface. MOF’s show an extraordinarily high porosity with up
to 9.000 m?/g combined with a high crystallinity has not been surpassed
by any other porous material till date. They have recently been used as
heterogeneous catalysts in Friedel Craft reactions, condensation reactions,
oxidation reactions, coupling reactions, etc. However, due to its low ther-
mal stability and moisture sensitivity, its catalyst application is limited.
Although the first 3D coordination polymer was published by Saito and
co-workers in 1959 [8], the first MOF constructed by organic linkers and
metal-ions with potential voids was introduced in the late 1990s [12]. Since
then, thousands of MOF structures have been reported with a variety of
constituents, geometry, size and functionality.
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Over the past few decades, the design, synthesis, characterization, prop-
erties, and application of MOF’s have grown rapidly. Transition metals,
alkaline earth metals, p-block elements, actynides, and even mixed metals
are used to synthesize MOF’s. Unlike conventional inorganic materials, such
as zeolites and silicates, MOF’s ensure that they tightly control their com-
position, shape, pores and functions by carefully selecting building units and
incorporating intelligent functions.

Porphyrins are fascinating building blocks for creating useful porous ma-
terials, along with their related derivatives like phthalocyanines. Although
porphyrin-based MOF’s have been produced three decades ago, the area is
still emerging and chemically strong frameworks, which are required for bet-
ter applications, have just realised recently. The discovery of porphyrins and
phthalocyanines with different coordinating groups (phosphonate, azolates,
phenolates, etc.) has contributed to this advancement in part because it
has enabled the associated MOF’s to move beyond metal-carboxylates and
achieve novel topologies and characteristics. Combining MOF’s with materi-
als that include carbon structures, such as graphene, porphyrin, and carbon
nanotubes is an effective method for increasing the properties of MOF’s for
example; conductivity. Metal ion moieties can be added to MOF materials
to improve their catalytic characteristics.

FIGURE 1. Structure of Pthalocyanine based Metal Organic Frameworks

In this article, we study on the structure of some phthalocyanine based
MOF’s and calculated degree based topological indices by using M-polynomial.
A python program is written to get the numerical values of topological in-
dices derived for various m and n values. At the end Comparative study
and graphical representation of the computed topological indices is done.
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2. DEGREE BASED TOPOLOGICAL INDICES

The First Zagreb index was introduced by Gutman and Trinajstic [6] given
as:

My= Y (dp+dy).
PIEE(G)
Gutman [1] proposed the Second Zagreb index in 1972, which is given as:
My= > (dyxdy).
PgcE(G)
The Second Modified Zagreb [15] index is defined as:

Z 1

m \/i = —_.

? dpdyq
PeEE(G)

In 1987, Fajtlowicz [5] in proposed the Harmonic index and stated as:

HE) = 3

PgEE(G) @+ dy
The Inverse sum index [13] is defined as:
dyd
1G) = Sl
(@) Z dp + dg
pgeE(G)

The Atom bond connectivity index is contributed by Estrada et al. [3]. It
is exemplified as:

ABC(G) = Z M,

PIEE(G) @ dg
The Geometric-arithmetic index of a graph is established by Vukicevic et
al. [14]. It is defined as:

2/d, dy
GA@) = 2, S
pcB(@G) P

Symmetric division index is proposed as:

SSD(G) = Y

pg€E(G)

min(dp, dg) + maz(dp, dg)
max(dp,dg) — min(dy, dq)

First K Banhatti index [9] is proposed as:
By(G) = Z (dp + dpq)~
PgEE(G)
Second K Banhatti index is given as:
By (G) = Z (dp-dpq)-
PgEE(G)
First K Hyper Banhatti index [10] is defined as:

HB(G)= > (dy+dyy)*.
PIEE(G)
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Second K Hyper Banhatti index is given as:

HBy(G)= > (dpdyy)*.

PgeE(G)
Modified First K Banhatti index [11] is proposed as:

e JE g —

Modified Second K Banhatti index is defined as:
1
TBy(G) = >

pg€E(G) p-og
Harmonic K Banhatti index is defined as:
2
Ha(@) = Y T
pe€EG) T Pa

3. M-POLYNOMIAL AND TI’'s or MOF

M-Polynomial helps in the study of behaviour of molecular struct
Topological indices are calculated by some derivatives and integration’
M-Polynomial. In this section we computed many degree based topolog
indices mentioned in above section via M-Polynomial.

M-Polynomial is introduced by Deutsch and Klavzar [2] in 2015 and

fined as:
M(G;z,y) = Z mij(G)z'y’
§<i<j<A
where 6 = min{dplp € V(G)}, A = maz{dplp € V(G)} and
m;;(G) is the number of edges pg € E(G) such that {dp;dq} = {i: j}.

Considering M (G;z,y) = f(z,y), where the operators are defined as

D = 2U@y)

Dy:yTy’y7

Lo (f(w,y)) = f(z%y),

Ly(f(x,y)) = f(=, y;), t
el = 5 D%t 5,070, = 2 P2,

(
f(x,y) = f(z,2), Qu(f(z,y)) = 2 f(z,y),
xa(fg;y»_ S

Fa) = D T,
S;E(f(m,y)): zftydt\/ f(z,y), and
53 flay) = yf(“dt VFG)
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TABLE 1. Derivation of some degree based topological indices

from M-polynomial.

Topological index Derivation from M-Polynomial
M[f(z,y)] (Da + Dy)[f (2, y)]a=y=1
Ma[f (x,y)] D Dy[f (2, y)le=y=1
" Ma[f (, y)] Sz Sylf (@, y)]a=y=1
H[f(x,y)] 252 J[f (2, y)le=1
I[f(z,y)] Sz J Dy Dy(f (2, y)]a=1
SSD(f(z,y)] (DaSy + S Dy)[f (2, y)]a=y=1
ABC|f(z,y)] D2 Q—2J 82 Sj[f (2,y)le=1
GA[f(z,y)] 28, JD2 D; [f(x,y)]z=1
Bi[f(z,y)] (Da: + Dy + 2D, Q-2J)[f (%, y)|a=y=1
Byf(z,y)] DyQ—2J (Dz + Dy)[f (2,y)]o=1
HBi[f(z,y)] | (Di+ Dj+2D3Q_2J +2D;Q_2J(D; + D ))[ F(@,y)lo=y=1
HBs[f(x,y)] D%Q_zJ(D§+D2>[f( )i
"Bi[f(x y)] S2Q—2J(Ly + Ly)[f (2, y)I7=
" By[f(z,y)] S2Q—2J(Sz + Sy)[f ( ]z
Hy[f(z,y)] 25:Q—2J (La + Ly)[f (%, y)la=1

4. COMPUTING M-POLYNOMIAL OF PHTHALOCYANINE BASED MOF

Let G be the molecular graph of the Phthalocyacine based MOF, then

M-polynomial of it is,

M[G;z,y] = 4(m + n)x?y? + 32mna’y® + (8mn — 4m — 4n)z>y*

+24mna3 y + dmna® y .

Let G be the graph of Phthalocyanine based MOF, from Figure 1 it can
be observed that the number of vertices in G is 51mn + m + n, in which
20mn + 2m + 2n vertices are of degree 2, 28mn vertices are of degree 3
and 3mn — m — n vertices are of degree 4. The total number of edges in
G are 68mn, based on the degree of end vertices of each edge we have five

partitions as :

Ei(G) ={pq € E(G);d, =2 and d, = 2},
Eg( ) = {pg € E(G);d, =2 and d4 = 3},
E3(G) ={pq € E(G);d, =2 and dq = 4},
Ey(G) ={pq € E(G);dp, =3 and d, = 3}
E5(G) ={pg € E(G);d, =3 and dq =4}.

Then |E1(G)| = 4(m+ ) ‘EQ
|E4(G)| = 24mn, |Es5(G)| = 4mn.

)| = 32mn, |E3(G)| = 8mn — 4m — 4n,
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Now, by using the definition of M-polynomial we compute the M-polynomial
of Phthalocyanine based MOF as:

M(G,z,y) = Z mijz'y

6<i<j<A
Z mijIZyJ7
2<i<;j<4
2,2 2,3 2,4 3,3 3,4
:meﬂf Yy + E ma3x”y +Zm2439 Yy +Zm33:c Yy +Zm341“ v,
2<2 2<3 2<4 3<3 3<4

= 4(m-+n)z?y? +32mnay> 4+ (8mn—4am—4n)x®y* +24mnx3y3 +4mnadyt.

Theorem 4.1. Let G be the graph representing the molecular structure of
Phthalocyanine based MOF’s where, M[G; z,y] = 4(m+n)x?y*+32mna’y3+
(8mn — 4m — 4n)a?y* + 24mnady? + dmnadyt.
Then,
(1) M1(G) = 380mn — 8m — 8n.
(2) Ma(G) = 520mn — 16m — 16n.
2 1 1
(3) "My(G) = gsmn + 3™ + on
(4) H(G) = 24.3mn + 1.33m + 1.33n.
(5) SSD(G) = 145.66mn — 2m — 2n.
(6) I(G) = 325.25mn — 28m — 28n.
2 1
(7) ABC(G) = [37 +4v2+ 36 + 2v/5]mn + (2 — 2v/2)m + (2 — 2/2)n.
64 16v/2  16v/3 8v/2 8
(8) GA(G) = | f ?)f+ ;/_+72]mn+[4—T\/_] [4—T\/_]n.
(9) B1(G) = 868mn — 24m — 24n.
(10) B2(G) = 1244mn — 64m — 64n.
(11) HB1(G) = 5236mn — 276m — 276n.
(12) HB,(G) = 14276mn — 1152m — 1152n.

m 41311 m n
(14) ™Ba(G) j@mn +5Zm +5Zn.
(15) Hy(G) = =15 Mt gm—O— 3"

Proof. Proof: Let M[G;x,y] = f(z,y), then
(1) First Zagreb Index
(Dg + Dy) f(z,y) = 16(m + n)z?y? + 160mna?y® + (48mn — 24m —
24n) a2yt + 144mnady3 + 28mna’y?,
Mi(G) = (D + Dy)[f (2, y)]a=y=1 = 380mn — 8m — 8n.

(2) Second Zagreb Index
(DyDy) f(z,y) = 16(m + n)z?y* + 192mna?y® + (64mn — 32m —
32n)x2y* + 216mnady® + 48mnady?
M(G) = (DeDy)[f (%, y)]g=y=1 = 520mn — 16m — 16n.
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(3) Second Modified Zagreb Index

Syf(z,y) = 2(m + n)z?y? + %mmﬁgy?’ + (2mn — m — n)x?y* +
8mnady® + mnady?,
SuSyf(z,y) = (m+n)z’y? + 1—36mnm2y3 + %(an —m —n)z?y* +
gmnx?’y?’ + %mnx?’y‘l,
MN(G) = S8, L (2 Yyt = S + 2+ +n.

3 2 2
Harmonic Index
Jf(z,y) = 4(m + n)a* + 32mna® + (32mn — 4m — 4n)ab + dmna”,
Sz f(z,y) = (m—|—n)$4+%mnx5+%(32mn—4m—4n)x6+%mmﬂ,
H(G) =25, J[f(z,y)]s=1 = 24.3mn + 1.33m + 1.33n.

Symmetric Division Index
DSy f(z,y) = 4(m+n)z’y? + %mnxzy?’ + (4mn —2m — 2n) 2%yt +
24mnay® + 3mnady?,
SuDy f(z,y) = 4(m+n)2?y? + 48mna?y® + (16mn — 8m — 8n)xy* +
24mnay® + 1—mn:103y47

3
(DySy + S:Dy) f(z,y) = 8(m + n)xy? + %mmﬁy?’ + (20mn —
10m — 10n)2%y* 4 48mna3y® + %mnﬁy‘l,
SSD(G) = (DzSy + SaDy)[f (%, y)]a=y=1 = 145.66mn — 2m — 2n.
Inverse Sum Index

JD,Dy f(x,y) = 16(m-+n)z* +192mna® + (280mn — 32m —32n) x5+
48mnaz”,
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192
Sy JDyDyf(x,y) = 4(m + n)z* + g —“mna® + 6(280mn —32m —

4
32n)2% + —Smnx7,
I(G) = 83Dy Dy f(,y)]e=1 = 325.25mn — 28m — 28n.

(7) Atom-Bond Connectivity Index
1
Sg fz,y) = %(m +n)z?y? + %mnny?’ + (4mn — 2m — 2n)x?y* +
%mnw y3 + 2mnaiy?,
SfSif(x y) = (m+n)a’y +3\/—mn12y3+\/—(4mn 2m—2n) a2yt 4

8 B4
gmnx y3 + 2mnady

JSQS f(z,y) = (m +n)ab +3\/—mnx —|—\/—(4mn—2m—2n) +
%mm: + 2mna’,

Q,QJSESy%f(x,y) (m+n)zt+ fmnx +f(4mn 2m—2n)xt+
%mnaf1 + 2mnz®,
D%Q QJS%S%f(x y) =2(m +n)z* + %mmo’3 +2(4mn — 2m —
2n)zt + 16mnx +2\/_mn$

ABC(G) = D2Q 2JS2 Sy [f (@, y)lo=1 = [Z+4vV2+ 3 +2V5]mn+

(2 —2v2)m + (2 — 2/2)n.

(8) Geometric Arithmetic Index
1 .
sz( y) = 4V2(m + n)z?y? + 32\/§mn:£2yd + (16mn — 8m —
8n)w Y 4+ 24v/3mnady® + 8mnady?,
D% Dﬁf(amy) = 8(m + n)z%y?® + 32v6mnay> + (16mn — 8m —
8n)v2z%y* + 216mna’y® + 8v/3mnay?
11
JD2D2f(CE y) = 8(m+n)x+32v6mna®+(16mn—8m—8n)v/ 225+
216mnx —|— 8\/_mmc
Sg JD2D flz,y) =2(m+n)zx 4+32‘[mnac +(§mnf%mf%n)\/§;r6+
36mna’ + %mm: ,
11
ZSSzJDﬁDﬁf(x,y) = 4(m + n)zt + %mmﬁ + (Bmn — Sm -
gn)\/izﬁ + 72mna® + L;/gmnx7

S
<
\a

GA(G) = 28,0D2 D3 [f (2, y)]amy = [E4/8 4 16

[4— 8f]m+[4 S\f]

+ 72]mn 4+

O_“
w‘

(9) The First K Banhatti Index
(Dg + Dy)[f (2, y)]z=y=1 = 380mn — 8m — 8n,
Jf(x,y) = 4(m +n)z* + 32mna’® + (32mn — 4m — 4n)a® + 4mna”,
Q-2J f(x,y) = 4(m~+n)x?+32mna> + (32mn —4m—4n)z* +4mnad,
D.Q_2J f(x,y) = 8(m+n)x®+96mnz3 + (128mn — 16m — 16n)2* +
20mna®,
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2D,Q_2J f(z,y) = 16(m + n)z? + 192mna® + (256mn — 32m —
32n)z* + 40mna’,

2D,Q_2J[f(z,y)]s=1 = 588mn — 16m — 16n,

Bi(G) = (Dy+Dy+2D,Q_2J)[f (%, y)]a=y=1 = 868mn—24m —24n.

(10) The Second K Banhatti Index
J(Dy + Dy) f(x,y) = 16(m + n)z* + 306mna® + (48mn — 24m —
24n)x% 4 28mna”,
Q—2J(Dy + Dy) f(z,y) = 16(m +n)x? + 306mna> + (48mn — 24m —
24n)z* + 28mna’,
D,Q_2J(Dy + Dy) f(z,y) = 32(m + n)z? + 912mna® + (192mn —
96m — 96n)x* + 140mna®,
By(G) = 1244mn — 64m — 64n.

(11) The First K hyper Banhatti Index
D2 f(z,y) = 16(m-+n)z?y?+128mna?y3+(32mn—16m—16n)z?y* +
216mna3y> + 36mnay?,
D f(x,y) = 16(m~+n)z*y*+128mna?y>+(128mn—64m—64n)z>y*+
216mna’y® 4+ 64mnady?,
Q_oJ f(x,y) = 4(m+n)x?+32mnz3 + (32mn —4m —4n)x* + 4mnad,
4(m + n)a? + 32mna® + (32mn — 4m — 4n)xt + dmnad,
D2Q_oJ f(x,y) = 16(m+n)z?+288mna>+(512mn—64m—64n)x* +
100mna®,
2D2Q_oJ[f(x,y)]z=1 = 1800mn — 96m — 96n,
DyQ_2J(Dy + Dy) f(z,y) = 32(m + n)z? + 912mna® + (192mn —
96m — 96n)x* + 140mna®,
2D,Q_2J (D, + Dy)[f(x,y)]z=1 = 2488mn — 128m — 128n,
HB(G) = (D2+D;+2D2Q 2J+2D,Q 2J (Ds+Dy)) [f (2, y)lamy=1 =
5236mn — 276m — 276n.

(12) The Second K hyper Banhatti Index
(D2 + D;)f(x, y) = 32(m +n)xy? + 256mnay> + (160mn — 80m —
80n)x2yt + 432mnady> + 100mna’y?,
J(D2 + D)) f(xz,y) = 32(m + n)z* + 256mnz® 4 (160mn — 80m —
80n)z% + 432mnaS + 100mna”,
Q-2J(D2+D32) f(z,y) = 32(m~+n)x*+256mna? 4 (160mn — 80m —
80n)xt + 432mna* + 100mna’,
D2Q 2 J(D2+D;) f(x,y) = 128(m+n)x? 4 2304mna® + (2560mn —
1280m — 1280n)z* + 6912mna* + 2500mna®,
HBy(G) = D2Q_2J (D7 + D))[f (x,y)]a=1 = 14276mn — 1152m —
1152n.

(13) Modified First K Banhatti Index
Lo f(z,y) = 4(m + n)az*y? + 32mnaty® + (8mn — 4m — 4n)aty* +
24mnaSy? + dmnaby?,
Lyf(x,y) = 4(m + n)a?y* + 32mna?y® + (8mn — 4m — 4n)2?y8 +
24mna®y® + dmna’ys,
J(Ly + Ly) f(z,y) = 4(m + n)ab + 32mnz™ + (8mn — 4m — 4n)a® +
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24mna? + 4mna'® + 4(m +n)xb + 32mna® + (8mn — 4m — 4n)2'% +
24mna® 4+ dmnaz't,

Q-2J(Ly+Ly) f(z,y) = 4(m—+n)z*+32mna®+ (8mn—4m—4n) x5 +
24mna” + 4mna® + 4(m + n)zt + 32mna® + (8mn — 4m — 4n)a® +
24mnz” + dmna?®,

S2Q—2J(Ly + Ly) f(z,y) = 2(m +n)z* + Zmna® + £ (8mn — 4m —
4n) xS + %mnﬂ + %mnzs + %mnmﬁ + (mn— %mf %n)aﬁ8 + %mnxhr
smna?,

" B1(G) = S:Q—2J (Ly + Ly) [ f(x,Y)]a=1 = %mn -% -5

(14) Modified Second K Banhatti Index

(Sm—i-Sy)f(x, y) = Z1‘(m—i—n)x2y2—|—%mnachB—i—(Gmn—3m—3n)x2y4—|—
16mnady3 + %mnzsy‘l,

J(Sy + Sy) f(z,y) = 4(m + n)xt + %mnzx‘r’ + (6mn — 3m — 3n)z® +
16mnab + %mnx7,

Q—2J(So+Sy) f(z,y) = 4(m~+n)z*+ Lmnad+ (6mn—3m—3n)z' +
16mna* + %mmﬁ,

S2Q—2J(Sy + Sy) f(x,y) = 2(m + n)2? + Lmna® + 1 (6mn — 3m —
3n)zt + dmnat + 1—75,)771713657

" By(G) = 8:Q-2J(Sx + Sy)[f (%, y)le=1 = Zxgrmn + Fm + in.

(15) Harmonic K Banhatti Index
25:Q—2J (Ly + Ly) f(2,y) = 4(m~+n)z* + Emna® + £ (8mn — 4m —
4n)z® + Bmna” + mna® + Lmnab + (2mn —m —n)a® + Lmna” +
Smna?,
Hy(G) =25,Q—2J(Ly + Ly) [f(z,y)]a=1 = %mn + %m + %n

O

5. PROGRAM TO GENERATE THE VALUES OF THE DERIVED INDICES FOR
ANY VALUE OF m AND n

print(”Numerical Comparision of Derived Degree Based Indices”)
pI‘lnt (t( /m — n/’/ a/7/ b/’/ C/7/ dl’/ 617/ f/77)

for m in range(1,11):

n=m

mn = int(m *n)

M, = (380mn) — (8m) — (8n)

Ms = (520mn) — (16m) — (16n)

MMy = %mn—l— %m—l— %n

H =24.3mn +1.33m + 1.33n

SSD = 145.66mn — 2m — 2n

I = 325.25mn — 28m — 28n

ABC = [% +4v2+ 8+ 2VBlmn + (2 - 2v2)m + (2 — 2v2)n
GA = [#4/6 1 1642 4 16V3 4 791 1[4 — 82 + [4 - B2)n
Bi = 868mn — 24m — 24n

By = 1244mn — 64m — 64n

HB; = 5236mn — 276m — 276n
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HBy = 14276mn — 1152m — 1152n

m __ 41311 . m_n
Bl B 21681%}&0 mn 56 65
"By = Sggmn+ 3m+qn

14449

H,

5 5
= 315 MmN+ 3m+3n

print("m, My, Ms,”™ My, round(H,2),SSD, 1, ABC,GA, By,
B27 HBl7 HB27m Bl7m B27 Hb”)'

CONCLUSION

We compute M (G;z,y) in this study, and we use this polynomial to find
the different degree-based topological invariants that are included in Figure
2. The graph’s encrypted storage is decoded by these topological indices.
The aforementioned findings indicate the significant function of topological
indices in the fields of wireless communication, electronics, and cryptogra-
phy. We further employ visual representations to demonstrate the behavior
of topological and M-polynomial invariants. We are able to comprehend
findings in relation to parameters owing to this graphical depiction (See
Figures 3, 4, 5,6 & 7).

(1
2l

3l
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FIGURE 2. Numerical comparision of derived degree based indices
of Pthalocyanine based MOF.
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FI1GURE 3. 3D plot of First, Second Zagreb index and Second
modifies Zagreb index of Pthalocyanine based MOF.

7
e

FIGURE 4. 3D plot of Harmonic, Symmetric Division and Inverse
sum index of Pthalocyanine based MOF.

FIGURE 5. 3D plot of Atom-Bond connectivity, Geometric Arith-
metic and First K Banhatti of Pthalocyanine based MOF

=500

FIGURE 6. 3D plot of Second K Banhatti, First K hyper Banhatti
and Second K hyper Banhatti index of Pthalocyanine based MOF.
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FIGURE 7. 3D plot of Modified First K Banhatti, Modified Sec-
ond K Banhatti and Harmonic K Banhatti index of Pthalocyanine
based MOF



